Ventricular fibrillation ͑VF͒ remains a major cause of death in the industrialized world. Alternans ͑a perioddoubling bifurcation of cardiac electrical activity͒ have recently been causally linked to the progression from ventricular tachycardia ͑VT͒ to VF, a more spatiotemporally disorganized electrical activity. In this paper, we show how alternans and thus VT degenerate to chaos via multiple, specific dynamical routes, largely associated with spatial components of VF dynamics, explaining failures of many recently proposed antiarrhythmic drugs. Identification of dynamical mechanisms for the onset of VF should lead to the design of future experiments and consequently to more effective antiarrhythmic drugs.
It is now widely believed that some forms of ventricular tachycardia ͑VT͒ arise when a spiral wave of action potentials is generated and drives the ventricle at a rate much faster than normal sinus rhythm, and that ventricular fibrillation ͑VF͒, a more spatially and temporally disorganized state, arises from subsequent breakdown of this spiral into multiple drifting and meandering spiral waves ͓1,2͔. It was recently found that instabilities in action potential duration ͑APD, or simply a in equations͒ play a critical role in this spiral breakup ͓3-6͔. A heart cell stimulated at normal heart rates has a relatively stable APD, but as the rate is increased to significantly higher rates typical of VT, APD dynamics first undergoes a period-doubling bifurcation to alternans and then a subsequent progression to chaos ͓7-12͔. Because APD alternans can arise from steep restitution curves ͑slope Ͼ1͒ relating the diastolic interval ͑DI, or simply d͒ to the next APD ͓Fig. 1͑a͔͒ at short cycle lengths ͓13,14͔, the slope of APD restitution curves plays a critical role in the onset of VF ͓14,15͔.
APD dynamics had previously been interpreted mathematically in terms of bifurcations of one-dimensional mappings ͓Fig. 1͑b͔͒ ͓14͔, with the cycle length ͑CL, or simply c͒ serving as control parameter since the system operates where aϩdϭc. As shown in Fig. 2 , many key dynamical features in the response of cardiac tissue to rapid pacing rates are captured in the resulting bifurcation diagram obtained from APD dynamics. However, an analysis of activation patterns in cardiac electrograms argued for the onset of cardiac chaos via the Ruelle-Takens-Newhouse route ͓1͔ associated with several interacting nonlinear ''oscillators'' ͓16͔, rather than the Feigenbaum route ͓17͔ associated with a single onedimensional mapping. In particular, the observed transition to chaos involved only one period-doubling ͑APD alternans͒ and not the infinite Feigenbaum ͓17͔ cascade. Such incomplete sequences have been observed in fluid dynamics ͓18͔ and related simulations ͑cf., ͓19͔͒, and strongly suggest a breakdown of one-dimensional dynamics ͓19,20͔.
A further analysis of assumptions leading to the application of APD restitution curves ͓13,14͔ suggests other possible routes to cardiac chaos. In this paper we shall demonstrate how spiral waves can progress to chaos via other known routes ͓17-23͔, in many cases involving the dynamics of VF as a spatially extended system. Thus multiple strategies are necessary to prevent the onset of VF, explaining the failure of many proposed antiarrhythmic drugs which attack specific channels ͓24-26͔ and thus specific aspects of cardiac dynamics.
In addition, alternans in intracellular calcium transients have been identified as a cause for APD alternans ͓27͔ and linked to T-wave alternans ͓28͔ and variability in action potential morphology ͓6,29,30͔. T-wave alternans have also been identified as a marker for increased risk of cardiac arrhythmia ͓31-33͔. It is easy to see that T-wave alternans, an important risk factor, can readily arise from APD alternans ͑cf., ͓6,30,34͔͒ as a consequence of volume conduction ͑the ECG is a weighted average of local electrical activity͒.
Since APD dynamics will play a variety of roles, we first make explicit the key assumptions implicit in the description of APD dynamics with one-dimensional mappings generated by monophasic ͑monotone͒ restitution curves and the cycle length ͑interval between stimuli͒ c serving as control parameter ͓13,14͔.
Assumption 1: No memory in APD dynamics. The action potential duration ͑APD͒ depends to first order upon the previous diastolic interval ͑DI͒. Long DI's are followed by long APD's and short DI's are followed by short APD's, due in part to incomplete recovery following short DI's. Overall, the APD is a monotone, nondecreasing, concave down function of DI which approaches a finite limit for very large DI's. ͓Fig. 1͑c͔͒ and the required transition function f c is given by the composite mapping a n →cϪa n ϭd n →a nϩ1 .
FIG. 1. ͑a͒ Action potential duration ͑APD͒ restitution curve fitted to Beeler-Reuter kinetics, yielding the equation aϭ258ϩ125 exp ͓Ϫ0.068(dϪ43.54)͔Ϫ350 exp͓Ϫ0.028(dϪ43.54)͔ ͓44͔, a minimum diastolic interval ͑DI or supply d͒ of 43.54 ms and a corresponding minimum APD of 33 ms. ͑b͒ The one-dimensional mapping ͑transition function͒ f c induced by this restitution curve at cϭ320 ms. ͑c͒ Graphical construction of the minimum cycle length ͑CL͒ required for APD dynamics to be given by a one-dimensional map ͑transition function͒ f c with one action potential per stimulus ͑no conduction block͒. ͑d͒ The transition function f CL and its twofold ͑solid sigmoidal curve͒ and fourfold ͑dashed sigmoidal͒ iterates. All three curves cross the 45°line at an unstable equilibrium and the two sigmoidal curves also cross the 45°line at a stable period-2 orbit of f CL . See text.
FIG. 2.
͑a͒ APD dynamics as a function of cycle length, generated by the APD restitution curve shown in Fig. 1͑a͒ . The APD restitution curve describes the dynamics of a single cell ͑a ''zero-dimensional'' strip of tissue͒. ͑b͒ APD dynamics as a function of cycle length, generated by a three-variable model fitted to the BeelerReuter kinetics used for Fig. 1͑a͒ ͓43͔, on a onedimensional strip of tissue. Deviations from the dynamics of Fig. 1͑a͒ at short CL's are due to electrotonic effects on the wave back occurring during fast pacing ͓30͔. As the cycle length decreases there is a period doubling because of the slope Ͼ1 in the restitution ͓Fig. 1͑a͔͒, then there is a 2:1 block followed by another period doubling, chaos, higher-order blocks, etc.
Assumption 3 admits the following interpretation: the average slope of the restitution curve over the interval d min рdрd 0 of allowable DI's is р1.
Assumption 4: No spatial effects. There is no spatial variability in geometry or dynamics.
Under our assumptions, the transition function f c is monotone and nonincreasing, yielding at most one equilibrium value a eq,c for a given CL. For monotone restitution curves shown in Fig. 1͑a͒ , decreasing the cycle length will increase the magnitude of the slope f c (a eq,c ), causing a period-doubling bifurcation to alternans if this magnitude exceeds 1 with cϾa 0 ϩd min ͑assumption 3͒. We shall also assume that the twofold iterate g c ϭ f c ‫ؠ‬ f c is generic, and thus has only a single point of inflection. Since the slope of g c at successive crossings of the 45°line alternates between values Ͻ1 and values Ͼ1, the graph of g can cross the 45°line either once ͑at the equilibrium a eq,c which is then stable͒ or three times ͑at an unstable equilibrium a eq,c and two other fixed points͒, but no more ͓Fig. 1͑d͔͒. In addition, since f c is monotone, so is g c , and thus a simple inductive calculation shows that if g c Ͻx (g c Ͼx) between fixed points, then any iterate of g c satisfies the same inequality. Thus higher iterates of g also have at most three fixed points and the bifurcation sequence does not go beyond alternans unless at least one of the above assumptions ͑or genericity͒ is violated.
The observed alternans in intracellular calcium transients ͓27͔ can be seen explained to first order by a transition function for the intracellular calcium concentration, that is, an analogous one-dimensional map h for intracellular calcium dynamics of the form h:x i,n →a n →cϪa n ϭd n →x i,nϩ1 , where x i,n represents the concentration of intracellular calcium at ''time'' n, and the first mapping x i,n →a n is a onedimensional model of the role of intracellular calcium in determining APD. This mapping then defines a topological conjugacy from the one-dimensional dynamics of intracellular transients represented by the map h to the onedimensional dynamics of APD represented by the map f, above.
Alternans can progress to chaos by violation of any one or more of assumptions 1-4, as summarized in Table I . Four major routes to chaos can occur ͑cf., ͓21͔͒: the Feigenbaum route ͓17͔, the Ruelle-Takens-Newhouse route ͓16,18͔, a Lorenz-like transition ͓23͔, and intermittency ͓19,21,22͔.
Assumption 1 can fail in the presence of rapidly varying CL's. In this case, APD restitution properties can depend upon more than the previous DI ͓35,36͔, increasing the dimensionality of APD dynamics beyond the one-dimensional dynamics of transition function from one APD to the next. Moreover, hysteresis or memory of this type can even cause spiral wave breakdown without steep restitution curves ͓36͔.
Failure of assumption 2 can lead to chaos via the Feigenbaum route, as seen in previous work ͓7-9͔. See also Table I .
Failure of assumption 3 can lead to chaos via intermittency. ͑Note that there are many types of intermittency ͓19͔. In contrast to ͓22͔, there may still be unstable equilibria after APD dynamics degenerates to chaos via intermittency.͒ As the CL is decreased below the threshold of assumption 3, namely a 0 ϩd min , a stimulus can occur so early that no action potential is generated, and the next action potential is generated by the subsequent stimulus, after a total interval of 2c. Depending upon the parameter values, the dynamics can jump between two different transition functions, f c :a n →cϪa n ϭd n →a nϩ1 , f 2c :a n →2cϪa n ϭd n →a nϩ1 Failure of assumption 4 ͑no spatial effects upon dynamics͒ can lead to chaos via several routes. The Ruelle-TakensNewhouse route to cardiac chaos has been extensively explored ͓1͔, via close analogies between the onset of cardiac chaos ͑in fibrillation͒ and the onset of chaos in fluid dynamics ͓18,19͔. This scenario involves a nonlinear system consisting of three or more strongly coupled oscillators or modes ͓16,18,23͔. The dynamics of a meandering spiral wave involves at least two such modes, namely those associated with the spiral wave period and the dynamics of meandering ͓42͔. APD alternans may provide a third such mode. The first two modes are clearly coupled, and APD alternans is coupled with spiral wave dynamics by the effects of rapid pacing ͓7-14͔ and the dependence of APD restitution upon the recent history of activations ͓35,36͔ in one direction and the role of alternans in spiral wave breakup ͓5,6͔ in the other. Note that alternans are also the initial instability in many examples in fluid dynamics ͓16,18͔. Additional modes in the case of cardiac chaos may also be provided by one of the following: ͑i͒ interactions among ion channels, etc., causing the map of the interval hypothesis to fail to a sufficiently low order; or ͑ii͒ the effects of CV restitution or other spatially distributed dynamics, also causing the map of the interval hypothesis to fail to a sufficiently low order. CV restitution alone does not generate a period-doubling map of the interval; instead APD restitution and CV restitution together generate more complex spatiotemporal behavior ͑cf., ͓1,30,34͔͒.
In addition to the above Ruelle-Takens-Newhouse route to chaos in fluid dynamics, there is the Lorenz route which arises in a truncated version of the Navier-Stokes equations at sufficiently large coupling ͓23͔. Both routes involve three ͑or more͒ coupled modes and a sudden transition to chaos. Although the Ruelle-Takens-Newhouse route involves temporally periodic modes and the Lorenz route involves aperiodic Galerkin modes, chaos arises relatively suddenly in both routes.
In principle, there may be more than one route to chaos ͑VF͒, even at the same time, for example the Feigenbaum route associated with nonmonotone restitution curves alongside intermittency associated with short cycle lengths, or intermittency together with the Ruelle-Takens route associated with dynamic spatial dispersion ͑Fig. 4͒ or more general spatiotemporal dynamics.
Experiments and major clinical trials of proposed antiarrhythmic drugs clearly argue for the existence of multiple routes for the onset of VF. For example, a previous trial sought to determine the effect on mortality of suppressing ectopic events ͑potential generators of spiral waves and thus VT͒ with flecainide and encainide ͑sodium channel blockers͒ ͓24͔. This study found instead that these drugs increased mortality. Although the flecainide and encainide did reduce ectopic events, those spiral waves which were generated appeared more likely to progress to VT via at least two mechanisms. First, these drugs prolonged APD ͓37͔ and caused torsade de pointes ͑associated with a single meandering spiral wave ͓1͔͒, especially in the presence of other underlying abnormalities ͓37͔. Prolonging APD can cause alternans to progress to chaos via intermittency ͑Table I, route 3͒ when spiral waves take over as rapid pacemakers. In addition, variability in flecainide binding increased dispersion in conduction ͓38͔, favoring low-excitability spiral breakdown ͑Table I, route 1͒ and the Ruelle-Takens route to chaos ͑Table I, route 4͒.
In addition, a second drug, sotalol ͑a potassium channel blocker or class III antiarrhythmic͒, was also shown to increase the likelihood of torsade de pointes, increasing mor- FIG. 3 . APD dynamics as a function of DI arising from periodic stimulation at various CL's ͓Fig. 2͑a͔͒, above and below the minimum CL ͑o in equations͒ required for one-dimensional dynamics ͑see assumption 3͒. The dashed lines correspond to multiples of the basic CL. All iterations begin with an initial DI of 100 ms. ͑a͒ cycle length cϭ313 ms, yielding alternation between APD's of 254 and 63 ms. ͑b͒ cϭ280 ms, yielding conduction block ͑assumption 1 fails͒. However, this 2:1 conduction block is stable since the line dϩaϭc intersects the restitution curve at a point of slope Ͻ1. ͑c͒ cϭ150 ms, yielding chaotic dynamics. At twice this CL, dynamics is unstable ͑a͒, and stimuli immediately following relatively short APD's can generate new action potentials while those following longer APD's cannot. The dynamics thus oscillates intermittently between that associated with stimuli every 150 ms and that associated with stimuli every 300 ms. ͑d͒ c ϭ145, yielding stable 3:1 conduction block ͑to be published͒. tality in patients with old ͑Ͼ42 days͒ myocardial infarcts ͑MI͒ more than in other patients ͓25,26,39͔. Since sotalol increases both the APD and the refractory period ͓39͔, alternans can again progress to chaos via intermittency ͑Table I, route 3͒. Increased mortality in patients with old MI argues for a concomitant role of spatial heterogeneity ͑perhaps favoring generation of spiral waves͒ and also low-excitability breakdown ͑Table I, route 1͒, especially since another class III antiarrhythmic, amniodarone, which promotes significant electrical homogeneity, appears to have little proarrhythmic effect ͓25͔. These two trials confirm the role of multiple mechanisms in the onset of cardiac chaos ͑VF͒.
This existence of multiple routes to VF not only makes it difficult to diagnose its underlying dynamics, but also shows that strategies aimed at preventing one route under which alternans can progress to chaos may inadvertently promote another route to chaos. For example, drugs designed to alter intracellular dynamics and/or conduction between cells by blocking appropriate channels must not alter more global dynamics by increasing dispersion. Drugs aimed at flattening APD restitution curves by reducing excitability must not increase d min so much that conduction block may result. This paper further supports the importance of preventing alternans by flattening APD restitution curves in order as an effective strategy for effectively forestalling spiral breakup ͓5,6,15͔. Recent experiments with the drugs verapamil ͓40͔ and bretylium ͓41͔ further confirmed the role of flattening restitution curves in preventing VF. In fact, flattening APD restitution curves together with reducing dispersion in cardiac cell dynamics may be critical components in any effective combined strategy to prevent VF. FIG. 4 . Effects of spatial dispersion upon spiral wave dynamics in two dimensions using the three-variable model cited in Fig. 2͑b͒ ͑see assumption 4͒. Contour plots show propagation when the left edge is stimulated periodically at constant CL. Spatial dispersion in DI is induced by an initial stimulus at the bottom edge. Black corresponds to the rest state ͑Ϫ85 mV͒ and light gray to depolarized tissue ͑15 mV͒. ͑a͒-͑h͒ c ϭ150 ms. At this CL, there is a 2:1 conduction block with APD oscillation ͓Fig. 2͑b͔͒, however the dynamics is sufficiently stable that wavebreak does not occur. Thus only one wave is propagating through the tissue at all times. ͑j͒-͑q͒ c ϭ130 ms. At this CL and at 2cϭ260 ms, the APD restitution curve is steep enough to amplify small differences in DI, resulting in conduction blocks at portions of wavefronts. These conduction blocks generate multiple reentrant waves and thus spatiotemporal chaos.
